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Theories
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Abstract. The Chern-Simons (CS) forms evolved from an obstruction in mathematics into an
important object in theoretical physics. In fact, the presence of CS terms in physics is more common
than one may think. They are found in the studies of anomalies in quantum field theories and as
Lagrangians for gauge fields, including gravity and supergravity. They seem to play an important
role in high Tc superconductivity and in recently discovered topological insulators. CS forms are
also the natural generalization of the minimal coupling between the electromagnetic field and a
point charge when the source is not point-like but an extended fundamental object, a membrane. A
cursory review of these ideas is presented at an introductory level.
Keywords: Gauge theories, Chern-Simons theories
PACS: 11.15.-q, 11.15.Yc, 04.50.-h

INTRODUCTION
The discovery of CS forms in mathematics was like a geographical discovery: A frustrated effort to find a particular formula led to the discovery of an unexpected obstruction, a “boundary term", an object that could be locally written as a total derivative, but
not globally. In their foundational paper, Shiin-Shen Chern and James Simons describe
their discovery as follows [1]:
This work [...] grew out of an attempt to derive a purely combinatorial formula for the
first Pontrjagin number [...]. This process got stuck by the emergence of a boundary
term which did not yield to a simple combinatorial analysis. The boundary term seemed
interesting in its own right and it and its generalization are the subject of this paper.
Over the past four decades, CS forms opened new areas of study in mathematics and
a lot has been written about them, and there are excellent books aimed at the physicists
about the subject [2, 3], for which these notes are no substitute. My intention here is
merely to collect a few observations that I find useful to understand the role of CS forms
in physics.

Boundary terms and action principle
In order to understand what makes CS forms useful in physics, let us focus on the
role of boundary terms in physics, specially in their relation to symmetries. A symmetry
reflects the invariance of a certain object under a set of operations. These operations can
be seen to form a group, the symmetry group of the given object. The symmetric object
may be a state –a particular configuration that a system can adopt–, or a system that
Advanced Summer School in Physics 2011
AIP Conf. Proc. 1420, 11-23 (2012); doi: 10.1063/1.3678608
© 2012 American Institute of Physics 978-0-7354-0998-9/$30.00
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could be found in a number of several states. For instance, the circular orbit of a planet
around the sun is a state of a certain energy E and angular momentum J, and it is clearly
invariant under the group SO(2, r) of rotations in the plane of the orbit centered at the
sun. The dynamics that results from the spherically symmetric gravitational potential,
that gives rise to those circular orbits, is invariant under a larger symmetry group, the
group of rotations in three dimensions, SO(3, r), which includes SO(2, r) as a subgroup.
Under the action of SO(3, r), the equations of motion transform in an irreducible (vector)
representation, while SO(2, r) describes the invariance of a particular solution of those
equations.
Symmetries of solutions can be accidental features produced by exceptional choices
of initial conditions. The circular orbit, in the previous example, is the result of a fine
tuned combination of E and J. Symmetries of the equations, on the other hand, reflect a
profound feature of the system’s dynamical structure; it is a property of the way bodies
interact, and the symmetries of the underlying spacetime where the bodies move.
If the equations of motion are obtained from an action principle, the dynamical
symmetries can be identified in the corresponding Lagrangian. Consider a dynamical
system described by Lagrangian L(qk , q̇k ). A dynamical symmetry is a change qk →
q�k (q) under which the new Lagrangian is such that the new equations look identical to
the old ones. According to a well known theorem in mechanics a sufficient condition to
achieve this is that L → L� = L + dtd (something). Then, under fixed boundary conditions,
! qk (2) = ! qk (1) = 0 (Dirichlet bondary conditions), the extrema of the action remain
the same. In sum, dynamical symmetries form groups that transform the dynamical
variables, changing the Lagrangian at most by a total derivative (boundary term in
the action). Symmetries of states are subsets of the dynamical symmetry group, which
depend critically on the initial conditions.

Minimal coupling and gauge invariance
There is another seemingly unrelated situation in which total derivatives play a fundamental role: the coupling between a field and a conserved current, the minimal coupling.
The epitome of minimal coupling is the interaction Lagrangian between the electromagnetic field and the electric current,
IInt =

�

!

Aµ j µ d 4 x ,

(1)

where Aµ is the vector potential and j µ is the electromagnetic 4-vector current density.
This coupling has two nontrivial properties besides its obvious Lorentz invariance:
gauge invariance, and metric independence.
Gauge invariance is the fundamental symmetry of electromagnetism. In most elementary texts it is presented as a curious freedom in the definition of the vector potential,
Aµ → A�µ = Aµ + "µ " .

(2)

Gauge invariance is often used as a convenient trick for solving Maxwell’s equations,
but it is much more than that. Expressing the electric and magnetic fields in terms
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of the vector potential allows writing a Lorentz invariant action principle in terms of
local fields. Although the vector potential itself is not directly observable –its value
changes arbitrarily by the observer’s change of gauge choice–, it allows to display the
true degrees of freedom of the electromagnetic field, an essential step in the transition to
quantum electrodynamics. The arbitrariness represented by the freedom to make gauge
transformations of the vector potential is not a drawback, but a fundamental property
that ensures the consistency of the quantum theory.
The invariance of IInt under gauge transformations is a consequence of two properties
of the current: its gauge invariance, j�µ = j µ –as physical observables should–, and its
conservation, "µ j µ = 0. Then, under the transformation (2), the extra term ("µ ") j µ is
just a total derivative, which means that the field equations would not be affected by the
change of gauge.
Conversely, the minimal coupling means that the vector potential can only couple consistently (in a gauge invariant way) to a gauge-invariant, conserved current. Note that this
statement makes no reference to the equations of motion of the charges or to Maxwell’s
equations. In addition, gauge invariance of the action implies the conservation of electric charge. By Emmy Noether’s famous theorem, it is possible to identify the conserved
charge precisely as the generator of the symmetry that requires its conservation, gauge
invariance. A nice closure of the circle.
The metric independence of the minimal coupling has a more subtle meaning. It can
be trivially verified from the fact that under a change of coordinates, Aµ transforms as
µ is a vector density and, therefore, the integrand in (1) is
a covariant vector while j�
coordinate invariant. No “ |g|" is required in the integration measure, which implies
that the same coupling can be used in a curved background or in flat space and in any
coordinate frame. This ultimately means that the integrand in (1) is an intrinsic property
of the field A over the world lines swept by the point charges in their evolution.
In the case of one point charge, the current is best understood as the dual the threeform delta function (a density) supported on the worldline of the particle, j = e ∗ ! (!)
where e is the electric charge. Hence, Aµ j µ d 4 x = eA ∧ ! (!), and (1) reads
IInt = e

�

!

Aµ (z)dz = e
µ

�

A,

(3)

!

where the coordinate zµ is any convenient parametrization of the worldline !. This is
correct since distributions are elements in the dual of a space of tempered functions, and
they are ready to be integrated to yield a number; in the case of the Dirac delta, it yields
the value of the tempered function at the support, which is exactly the content of the
equivalence between (1) and (3). In this case, the current merely projects the one-form
A defined everywhere in spacetime, onto the worldline. The result is clearly independent
of the metric of the ambient spacetime and of the metric of the worldline, which in this
simple case corresponds to the choice of coordinate zµ .
It is reassuring that not only the coupling, but also the conservation law "µ j µ = 0
doesn’t require a metric, since " is the ordinary derivative, and j is a contravariant
vector density, which makes the conservation equation valid in any coordinate basis and
for any metric. Metric independence ultimately means that the coupling is insensitive
to deformations of the charge worldline, and of the metric of the spacetime where

13

Downloaded 10 Feb 2012 to 186.250.5.82. Redistribution subject to AIP license or copyright; see http://proceedings.aip.org/about/rights_permissions

the interaction takes place. Thus, regardles of how the particle twists and turns in its
evolution, or the metric properties of spacetime, the coupling remains intact. This fact is
crucial for the dynamical consistency of the coupling to membranes or other extended
objects.

CHERN-SIMONS FORMS
The usefulness of CS forms in physics stems from the fact that under an infinitesimal
gauge transformation they change by a total derivative, and hence they can define good
gauge-invariant Lagrangians. A CS form seems to have been used as a Lagrangian for the
first time in 11-dimensional supergravity, whose action contains a CS term for a threeform field needed by supersymmetry [4]. The idea was widely exploited in quantum
field theory [5, 6], and CS forms were shown to be related to polynomial invariants
of knot theory [7], to conformal field theory and the Wess-Zumino-Witten (WZW)
action in two dimensions [8]. In gravity, the CS action plays a central role in 2+1
dimensions [9, 10, 11]. In higher dimensions CS forms provides genuine gauge theories
of gravity [12, 13] and supergravity [14, 15] (for a review, see [16]). Even in condensed
matter physics CS forms are essential for the description of high Tc superconductivity
[17, 18, 19] and for the quantum Hall effect [20].
More recently, it has been noted that since CS forms transform essentially like the
electromagnetic vector potential A, they can also be used to couple gauge fields to
extended sources like membranes, charged with respect to some gauge “color" [21, 22,
23]. The CS form provides a gauge-invariant coupling between the gauge potential and
an extended source in a consistent manner, something that could be achieved by the
“more natural" minimal couplings Aµ1 µ2 ···µ p j µ1 µ2 ···µ p , only for abelian potential [24].
The relevance of gauge symmetry in physics cannot be overemphasized. One of the
great achievements of physics in the last century was to establish that all interactions in
nature are based on gauge invariance. The fact that nature possesses this fundamental
symmetry explains the binding forces in the atomic nucleus, the functioning of stars, the
chemistry that supports our life, and the geometry of the universe. This is comparable
to the invention of mechanics in the XVII century, or electrodynamics and statistical
mechanics of the XIX century. For two complementary historical accounts of the gauge
paradigm, see [25, 26]
Gauge invariance means that the action principle for the fields that describe the
elementary particles and their interactions, is invariant under a set of transformations that
form a Lie group G. The transformation laws for the fields are such that their components
form irreducible representations of the group. The crucial aspect of this symmetry is that
the action of the group is local, that is, the elements g ∈ G are continuous, differentiable
functions. In other words, there is one copy of the Lie group acting on irreducible
representations, independently at each point of spacetime, a fiber bundle (see, e.g., [2]).
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Constructing CS forms
A CS form is defined by two ingredients: a symmetry group G in a certain representation, and an odd-dimensional manifold M over which one can define functions and
fields, that is, a differentiable manifold. The fundamental object in a gauge theory is the
gauge connection, a generalization of the vector potential, A. This is a matrix-valued
field that is also a one-form 1 ,
A = Aµ dxµ
= Aaµ Ka dxµ ,

(4)

where Ka , a = 1, 2, ..., N are generators of the gauge group G. The connection is defined
to transform in the adjoint representation of the gauge group. If g(x) = exp[# a (x)Ka ] is
an element of the group, it acts on the connection as
g

A→
− A� = gAg−1 + gd(g−1 ).

(5)

This transformation law results from the need to define differential operators that retain
their form under gauge transformations. This form-invariance of the field equations
is called covariance, and the derivative that does the trick is the covariant derivative,
D = d − A, generalizes "µ − iAµ in electrodynamics, or #µ = "µ + !µ in Riemannian
geometry.
The connection is gauge-dependent and therefore not directly measurable. However,
the field strength F = dA + A ∧ A (curvature in mathematics), transforms homogeneously,
g
F→
− F� = gFg−1 ,
(6)
and, like �E and �B, has more directly observable features. For example, the 2k-form
Tr(Fk ) is invariant under (6) by construction and therefore observable. In mathematics,
invariants of this kind (or more generally, the trace of any polynomial in F), like the Euler
or the Pontryagin forms, are called characteristic classes. They deserve this special name
because they characterize the topological structure of the manifolds on which they are
defined.
Let’s denote by P2k (F) = �Fk � one of those invariants, where �· · · � stands for a
symmetric, multilinear operation in the Lie algebra, a generalized trace operation in
the algebra. In order to fix ideas, one can take it to be the ordinary trace, but some Lie
algebras could have more than one way to define “Tr" (the algebra of rotations, for
example, has two). Then, P2k satisfies the following conditions [2]:
i. It is a polynomial in the curvature F associated to a gauge connection A.
ii. It is invariant under gauge transformations (5) and (6).
iii. It is closed, dP2k = 0.
1

In what follows, differential forms will be used throughout unless otherwise indicated. We follow the
notation and conventions of [27].
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iv. It can be locally expressed as the derivative of a (2k − 1)-form, P2k = dC2k−1 .
v. Its integral over a 2k-dimensional
compact, orientable manifold without boundary,
�
is a topological invariant, M P2k = c2k (M) ∈ Z.

Condition (ii) is satisfied by virtue of the cyclic property of the product of curvature
2-forms. Condition (iii) is a consequence of the Bianchi identity which states that
the covariant derivative (in the connection A) of the curvature F vanishes identically,
DF = dF + [A, F] ≡ 0. Condition (iv) follows from (iii) as a direct consequence of
Poincare’s lemma: If d $ = 0 then $ = d(something) in a local patch. Finally, (v) means
that, although P2k looks like an exact form in a local chart, globally it is not.
The forms C2n−1 are the CS terms identified in [1], and are the subject of these
notes. They are given by the trace of some polynomial in A and dA and they cannot
be written as local functions involving only the curvature F. This makes the CS form
rather cumbersome to write, but its exact expression in not needed in order to establish
its most important property, stated in the following
Lemma: Under a gauge transformation (5), C2n−1 changes locally by a total derivative.
Proof: The homogeneous polynomial P2k is invariant under gauge transformations
(this is easily seen from the transformation (6) if P2k = Tr[Fk ], due to the cyclic property
of the trace). Performing a gauge transformation on (iv), gives

!gauge P2k = d(!gauge C2k−1 ),

(7)

and since P2k is invariant, one concludes that the right hand side must vanish as well,
d(!gauge C2k−1 ) = 0.

(8)

By Poincare’s lemma, this last equation implies that the gauge variation of C2k−1 can be
written locally as an exact form,

!gauge C2k−1 = d".

(9)

This is a nontrivial result: although the nonabelian connection A transforms inhomogeneously, as in (5), the CS form transforms like an abelian connection. This is sufficient
to ensure that CS forms define gauge invariant actions, because

!gauge I[A] =

�

M 2n−1

!gauge C2n−1 =

�

M 2n−1

d",

(10)

which vanishes for any reasonable set of boundary conditions. Apart from this, CS
actions are exceptional in physics because, unlike for most theories, such as Maxwell
or Yang-Mills, they do not require a metric structure. A particular consequence of this
is that in CS gravitation theories the metric is a derived (composite) object and not
a fundamental field to be quantized. This in turn implies that concepts such as the
energy-momentum tensor and the inertial mass must be regarded as phenomenological
constructs of classical or semi-classical nature.
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PROTOTYPE CHERN-SIMONS THEORIES
The CS forms C2k+1 (A) are defined by the label k and the Lie algebra G associated to
the gauge group G. In this section we review some examples.

k = 1 a) Minimal coupling as 0+1 CS system
The invariants P2k takes the rather simple form, with F = F a Ka , where Ka are the
generators of the Lie group G. Since most gauge groups of physical interest, SU(n, m),
SO(n, m), etc. are of determinant one, their generators are traceless and therefore Tr[F] =
0. There is only one very important exception to this rule: electrodynamics. In this case,
the gauge group is U(1) and the generator is the imaginary unit, i, so the trace can be
dropped and the invariant is just the two-form which corresponds to the field strength,
1
P2 = F = Fµ% dxµ ∧ dx% ,
2

(11)

and the respective CS form is the U(1) connection, C1 = A = Aµ (x)dxµ . The integral
of this one-form on a one-dimensional manifold ! is, up to a factor e, identical to
the minimal coupling (3), if ! is the worldline of a point particle. Thus, the minimal
coupling is the simplest example of a CS system. As mentioned above, this does not
make reference to the metric of the spacetime, to the choice coordinate xµ , and it is
invariant under proper2 gauge transformations.
The “action" (1) can be viewed as a functional of A or as a functional of the embedding
coordinates zµ that parametrize the trajectory of the charge in spacetime. In the first
case, it might seem to lead to an inconsistent classical system: the Euler-Lagrange
equation obtained varying with respect to A reads 1 = 0. However, this is a very narrow
interpretation of the variation. In fact, what one obtains is

! I[A] = e

�

!

! Aµ (z)dzµ = 0,

(12)

which only states that the integrand must be an exact form,

! A(z) = d # (z),

(13)

with # (z+ ) = # (z− ), where {z+ , z− } = " !. In other words the classical equation only
informs us of the fact that A can change as an abelian connection, but it is otherwise
arbitrary, and # (z) is periodic. The periodicity of # (z) is automatically guaranteed if the
manifold ! is closed on itself, i. e., if it has no boundary, " ! = 0.
Proper gauge transformations are those that approach the identity at infinity: A� = A + d", so that at
infinity, " → [constant]. This condition can be replaced by the requirement that the spacetime manifold
be either bounded or periodic in time.
2
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k = 1 b) Classical mechanics as CS system
The integral (3) can also be considered as a functional of the embedding coordinates
zµ that label the points of ! relative to the higher-dimensional target manifold where it is
embedded. In the conventional interpretation where (3) describes a charge in an external
electromagnetic field, varying I with respect to zµ , leads to Lorentz force equation for the
charge. Since here we have not included a kinetic term for the charge 12 &ab (z)ża żb –which
requires knowing the spacetime metric–, the equations one gets describe the motion of
a charge in an external electromagnetic field that is such that the Lorentz force is always
zero.
Another use for the functional (3) is to interpret it as the action for a mechanical
system in Hamiltonian form [21],
I[p, q] =

�

!

[pi dqi − H(p, q)dt], i = 1, 2, 3, ..., s,

(14)

where one identifies Ai = pi , As+i = 0, A0 = −H, and zµ = (t, qi , p j ). In other words,
the Hamiltonian action for any mechanical system is a CS one-form integrated on the
1-dimensional history of the system in a (2s + 1)-dimensional embedding spacetime
M 2s+1 , which is just the phase space to which we have added the time.
In this language, gauge invariance is just the invariance of the Euler-Lagrange equations under the addition of a total derivative to the Lagrangian, L → L + d"(p, q,t),
where L = pi dqi − H(p, q)dt. In other words, the invariance of classical mechanics under canonical transformations is just gauge symmetry in a different light.

k = 2: (2+1)-CS field theories
Three-dimensional CS field theories have been extensively studied, which makes it
unnecessary to delve too much into this topic here (see, e.g., [28, 29, 30]). To summarize,
consider some gauge connection and an appropriate generalized trace �· · · � over the Lie
algebra. The characteristic class and corresponding CS form are
2
C3 (A) = �AdA + A3 �,
3

P4 = �F2 �,

(15)

where we have suppressed the wedge ∧ symbols. The symmetrized trace �· · · � is
a two-entry object, �, � : G × G → R, so the expression �A3 � actually stands for
(1/2)Aa Ab Ac �Ka , [Kb , Kc ]�, where Ka are the generators of the Lie algebra G (see, e.g.
[16]). The corresponding action is
I3 [A] =

�

2
�AdA + A3 �,
3
!3

(16)

where !3 is a three-dimensional volume. Comparing this expression with (3), it is natural
to interpret (16) as the result of a coupling between a 2D membrane and A, where !3 is
the history swept by membrane in spacetime.
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The invariant P4 = �F2 �, also known as the Pontryagin form, appears in quantum field
theory it as the obstruction to chiral current conservation (chiral anomaly), and in the
formula for the Atiyah-Singer index associated to a Dirac spinor coupled to a Yang
Mills field. The CS form C3 (A) is the annoying term found by Shiin-Shen Chern and
James Simons, and the reason they could not get rid of it is precisely because C3 (A) is
not globally defined, and therefore in general P4 cannot be globally written as derivative;
it is closed but not necessarily exact.
Since C3 (A) involves derivatives of the connection, varying with respect to A yields
nontrivial equations on !3 ,
�Ka F� = 0,
(17)

which in turn implies F = 0, the connection is locally flat. This means that on any open
neighbourhood, the connection can be written as a pure gauge, A(z) = g−1 dg, where
g(z) : !3 → G assigns an element of the gauge group to each point of spacetime. This
means, in particular, that there are no propagating degrees of freedom in this theory since
very solution can be locally “gauged away" A → 0, which can be confirmed by direct
counting the degrees of freedom of this action [31]. Local flatness, however, doesn’t
necessarily mean a trivial situation, as there exist many locally flat but topologically
nontrivial configurations. For example, CS action for AdS gravity in 2+1 dimensions
admits locally flat classical solutions that describe interesting configurations such as
black holes [32].
The abelian CS three-form looks like (15) without the cubic term and could be an
action on a three-dimensional spacetime, which might be relevant in some situations
in condensed
matter phenomena as already mentioned. Starting from the 3D action
�
I[A] = !3 A ∧ dA, the field equations (F = 0) imply that locally, the space is free of
electric and magnetic fields. Although this looks like a trivial situation, one could recall
the Aharonov-Bohm experiment, which underscores the importance of topology by
showing that even if �E = �B = 0, the topology of the region can can have a dramatic
effect revealed by the nonlocal nature of quantum mechanics.
The integral of P4 is a four-dimensional topological invariant and therefore, it can
be added to the Lagrangian of a four-dimensional theory without affecting the field
equations. This addition, however, would produce discrete changes in the value of the
action, giving different weights in the quantum path integral to configurations with
different topology. This, in turn implies that the quantum vacuum of the theory is
degenerate, since there can be many zero-energy states. An example of this degeneracy
is the so-called ' -vacuum, obtained by adding to the action a term ' P4 , introducing a
continuous family of vacua parametrized by ' .
In 4D electromagnetism, P4 is a curiosity: it is the only Lorentz invariant and gauge
invariant bilinear in F, apart from the Maxwell Lagrangian, F µ% Fµ% . Its addition does
not modify Maxwell’s equations, so it seems to play no role in classical electrodynamics.
However, if there are two adjacent regions with different ' , the C3 that is induced at
interface becomes an effective source for the electromagnetic field. This could have
observable effects, like a change in the Casimir energy inside a region with ' �= 0 in a
' = 0 background [33]. Moreover, it can be shown that even classical electromagnetic
waves crossing such an interface suffer a rotation of the polarization plane by an angle
$ = arctan '2 , and the reflected waves is rotated in the opposite direction by ( /2−$ [34].
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k ≥ 2: Higher dimensional CS theories
CS field theories exist for all odd dimensions, in correspondence with the characteristic classes of the dimension immediately above. Thus, Pontryagin classes for SU(N) exist in every even dimension (D = 2n) and for any N. For SO(N), the Pontryagin and Euler
classes classes exist for D = 4n and D = 2n, respectively. (The same is true for their generalization, SU(N, M) and SO(N, M), respectively.) The construction of the (2n − 1)-CS
forms for a given group is straightforward and only requires identifying an appropriate
invariant symmetric trace �· · · � over the Lie algebra. This might be a laborious task, but
it is greatly simplified if the Lie algebra is given in an explicit representation. Then, the
CS Lagrangian form reads
C2k−1 [A] = �A ∧ (dA)k−1 + !1 A3 ∧ (dA)k−2 + · · · + !k−1 A2k−1 �,

(18)

where !1 , · · · !k−1 are fixed rational numbers. CS theories for dimensions D ≥ 5 have
been studied in different contexts (see e. g., [35, 36]), and in contrast with the case D = 3,
they are not purely topological and contain propagating local degrees of freedom [31].
The SO(D − 1, 2) and SO(D, 1) Euler-CS forms define gravitation theories with positive (de Sitter) and negative (anti-de Sitter) cosmological constant, !. The intermediate
case, the Poincaré group, ISO(D−1, 1), is obtained as the contraction ! → 0 of the other
forms. All of these CS forms correspond to special cases of Lovelock actions3 [42]. Alternative CS forms for the Lorentz, de Sitter and anti-de Sitter groups are obtained from
the Pontryagin classes. All of these gravitation theories are actually gauge theories [38].
CS theories in D ≥ 5 exhibit features which obscure their dynamical analysis. The
rank of their symplectic form is generically not constant throughout phase space, becoming noninvertible on some surfaces, ". In this case the system evolves into a state
with fewer degrees o freedom in a finite time [39]. Additionally, the symmetry generators (first class constraints) may fail to be functionally independent in some subsets of
phase space where the Dirac’s canonical formalism [40] no longer applies and it is no
longer clear how to identify propagating degrees of freedom, conserved charges, etc.
[41].
Although Einstein-Hilbert gravity is a gauge theory in the sense that it is invariant
under local Lorentz transformations4 , its Lagrangian includes the vielbein ea –a Lorentz
vector–, coupled to the curvature Rab , in a non-minimal way, "abcd ea eb Rcd . This awkward combination may be responsible in part for the catastrophic ultraviolet behaviour
of the quantum theory. The only exception turns out to be 3D gravity, where the coupling
reduces to the CS form [9, 11]. An elegant supersymmetric extension exist for these CS
theories, in which the spacetime symmetries (Poincaré or (A)dS groups) are part of the
gauge superalgebra [14, 43].
The most appealing feature of CS gravities is that they are bona fide gauge theories,
where the metric does not appear as a fundamental field in the action principle, but as a
3

Lovelock theories are the generalizations of Eintein’s general relativity, in D > 4 spacetime dimension.
The Lovelock Lagrangians are polynomials in curvature with a number of arbitrary coefficients [37].
4 The equivalence principle states that all laws of physics –and in particular gravitation– are, in a
sufficiently small neighbourhood of every spacetime point, invariant under Lorentz transformations.
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derived entity in the solutions. Moreover, all coefficients appearing in the action are dimensionless, fixed rational numbers that cannot be renormalized without breaking gauge
invariance. Quantities like % or Newton’s constant, are introduced in the solutions of the
classical equations as constants of integration. As a consequence, the corresponding
quantum theory is expected to be scale invariant and finite.

EXTENDED SOURCES AND CS COUPLINGS
A (2p + 1)-CS form describes the coupling between a connection A and a membrane
whose time evolution sweeps a (2p + 1)-dimensional volume. The consistency of this
scheme follows from the precise form of the coupling [44],
I[A; j] =

�

�j2p ∧ C2p+1 (A)�,

(19)

where C2p+1 is the algebra-valued form whose trace is the (2p + 1)-CS form living on
the brane history, C2p+1 (A) = �C2p+1 (A)�. The current generated by the 2p-brane is
represented by the (D − 2p − 1)-form j supported on the worldvolume of the brane,
j2p = q ja1 a2 ···as Ka1 Ka2 · · · Kas ! (!)dx#1 ∧ dx#2 ∧ · · · dx#D−2p−1 ,

(20)

where dx#i are transverse directions to !. The integration over the D − 2p − 1 transverse
directions yields a (2p + 1)-CS form integrated over the worldvolume of the 2p-brane.
The invariance under the gauge transformations can be checked directly by noting that,
I[A; j] changes by a (locally) exact form, provided the current is covariantly conserved,
Dj2p = dj2p + [A, j2p ] = 0,

(21)

which can be independently checked for (20). Moreover, if the current j2p results from
particles or fields whose dynamics is governed by an action invariant under the same
gauge group G, then its conservation is guaranteed by consistency. On the worldvolume, however, the gauge symmetry is reduced to the subgroup that commutes with
ja1 a2 ···as Ka1 Ka2 · · · Kas .
An interesting –and possibly the simplest– example of such embedded brane occurs
when an identification is made in the spatial slice of AdS3 , using a rotational Killing
vector with a fixed point. In that case, a deficit angle is produced and the conical
geometry produced around the singularity can be identified with a point particle [45];
the singularity is the worldline of the particle where the curvature behaves as a Dirac
delta. The geometry is analogous to that of the BTZ black hole [32], but the naked
singularity results from a wrong sign in the mass parameter of the solution [46]. A
similar situation arises also when one considers a co-dimension 2 brane in higher
dimensions [47]. In all these cases it is confirmed that the coupling between this (D3)-brane and the (nonabelian) connection is indeed of the form (19). These branes
only affect the topological structure of the geometry, but the local geometry outside
the worldline of the source remains unchanged.
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SUMMARY
CS forms appeared in mathematics as some unexpected obstructions in topology. Their
study spurred the study of characteristic classes in mathematics, apparently with no
scope for practical applications. It turns out, however, that CS systems are quite ubiquitous in physics. They define action principles for gauge invariant systems, and for gauge
invariant couplings between connections and charged sources (branes). Prototypes of
these two applications are found already in everyday examples of classical physics: any
Lagragian system with a finite number of degrees of freedom is an example of the first
type; the interaction term between a point charge and the electromagnetic field, in the
second. In the first case, gauge invariance is the freedom to make canonical transformations in phase space; in the second case, it is the standard U(1) invariance of the minimal
coupling.
Higher dimensional CS systems define dynamical theories for a connection field.
In odd dimensional spacetimes it is possible to cast gravity as a CS theory, and these
theories admit supersymmetric extensions which are CS systems as well. Since the CS
form does not depend on the metric, in the CS gravitation theories, the metric emerges
as an effective, composite field and not as the fundamental dynamical variable.
CS forms of degree 2p + 1 also define consistent, gauge-invariant couplings between
a charged 2p-brane and (non)abelian connections. The coupling makes no reference to
the background spacetime metric, which, for that purpose may not even exist.
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